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TWO ALGORITHMS FOR DEFINING 
ATOMS AND MOLECULES 
IN CONDENSED PHASES 
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of Mathematics and Physics, The Queen’s University, Belfast BT7 I N N ,  U.K.  

(Received December 1999; accepted December 1999) 

Two algorithms for defining single entities in condensed phase based on the calculation of a zero 
flux surface of the gradient of the electron density are proposed. First the two approaches are 
applied to a water molecule in a liquid system; the different behaviour of the two algorithms is 
graphically shown in the planar section of the molecular plane ( i e . ,  HOH plane of the mol- 
ecule analyzed). Next, using the two algorithms for partitioning electron density, the average 
molecular dipole moment of the water molecule in liquid phase is calculated averaging over 
several configurations; analogies and differences with other methods are reported and their 
physical interpretation is discussed. There exist different approaches for calculating the zero 
flux surface (or equivalently the volume defined by such a surface); the two described in this 
work differ from the others because the calculation in both cases is straightforward (ie., the 
surface is determined directly from the data corresponding to the electron density) and is char- 
acterized by a relatively short computational time. 

Keywords: Electron density; Molecular dipole; Modeling 

1. INTRODUCTION 

The spatial partitioning of the electron density in a condensed system re- 
presents a powerful tool for modeling non isolated atoms and molecules. 
There exist different methods to do so (see for example [l - 31); here we focus 
our attention on the topological behaviour of the electron density and define 
the region bounded by a zero flux surface of the gradient of the electron 
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218 L. D. SITE 

density as the spatial definition of a specified atom or molecule in a 
condensed phase (for more details see [2]). Mathematically the zero flux 
surface of the gradient of the density is defined as the surface S(r) which 
satisfies the following condition: 

Vp(r) . n(r) = 0 (1.1) 

for any point r of the surface S, where n(r) is the unit vector perpendicular to 
S(r) at each point r of the surface S.  This means that the lines of gradient (or 
trajectories of gradient) of the electron density originating from the core 
of an atom or a molecule will not cross the surface. A trajectory of Vp(r) 
is obtained calculating at a given point roVp(ro) and then moving of an 
amount dr from ro along the direction indicated by the vector Vp(ro), and 
repeating the procedure until the trajectory terminates. This criterion gives 
an exact topological definition of an atom or a molecule from both quan- 
tum and classical point of view (see [2,4]) but the practical calculation of 
the surface, because of the topological complexity of the electron density 
and the discrete set of data available in most of the numerical calcula- 
tions, represents a difficult problem. In this work we propose two different 
algorithms to calculate the zero flux surface when the electron density has 
been calculated using a pseudopotential approach (the extension to the case 
of all-electron density is straightforward) and is distributed on a discrete 
grid in real space; this is the case of most of the numerical calculations based 
on a quantum treatment of the electrons. The two methods, which we will 
refer to as the “downhill” method and the “triangulation” method, are de- 
scribed in the following sections. 

2. NUMERICAL CALCULATION 
OF THE ZERO FLUX SURFACE 

2.1. Downhill Method 

The discrete nature of p makes feasible a convenient implementation of the 
criterion of zero flux-surface on the grid. Sitting on the points of the grid 
which correspond to the core of a particular atom or molecule, one natu- 
ral way to identify, with reasonable approximation, the volume inside the 
surface of flux zero of Vp(r) consists in exploring (from each point in the 
core) each neighbouring point in turn, accepting it if its density is less or 
equal to that of the first point and if the gradient in the direction is downhill. 
The gradient is estimated by linear interpolation formula. The procedure is 
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DEFINING MOLECULES IN CONDENSED PHASES 219 

then repeated for each accepted point until a turning point in the function 
p(r) is found. In the region of the core the density is automatically assigned 
to the atom or to the molecule, so that the criterion in practice, is applied 
only for points outside the core. There are two reasons for defining a core; in 
the case of an atom, the pseudopotential used for the calculation generates a 
minimum for the density at the nuclear site as only the valence electrons are 
taken into account. This leads to the necessity of defining a region around 
each nuclear site which is larger than the region of inner electrons where 
the valence electron is. In the case of a molecule, the region of the core is 
defined as a volume which contains the core of the atoms forming the mol- 
ecule and satisfies the condition that the gradient at each point of the 
surface bounding the core is downhill. This latter requirement avoids the 
possibility of being trapped in the volume defined by the zero flux-surface 
of one of the atoms. Points which can be reached from two molecules de- 
fines the zero flux-surface which separates the two molecules, those which 
can be reached from three molecules define lines on this surface, etc. The 
electron density associated with these shared points is counted with the 
appropriate weight (for example 1/2, 1/3, etc.). In practice there are prob- 
lems in the implementation of this criterion arising from the coarseness of 
the grid, which means that some other points near the zero flux surface 
can be reached from different molecules. In fact suppose that the “true” 
zero flux-surface is located between two points of the grid characterized 
by the same value of the density. These two points are equally reachable 
from two different molecules so that instead of a surface, we will have 
an overlapping region around the true surface. As for the shared points 
on the surface, these points, in first approximation, can be calculated with 
the appropriate weight. The second criterion for accepting a neighbouring 
point (the gradient in the direction is downhill) should solve in part this 
problem. This method turned out to be reliable and useful for analyzing 
properties of pure liquid water (see [5 ] )  and solvation (see [6]). 

2.2. The Triangulation Method 

2.2.1. Introduction 

The second algorithm we name the “triangulation method” represents an 
attempt to develop a procedure in which the calculation of the zero flux 
surface is as independent as possible of the size of the grid spacing. The basic 
idea is that sitting at the centre of the molecule, we can determine the zero 
flux surface searching for the turning point of p(r) along each angular 
directions; next we show in details how it is possible to implement this idea 
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220 L. D. SITE 

in numerical calculations. Consider a unit sphere centred on the centre of 
a specified molecule. Each point P on the sphere will be identified by the 
polar and the azimuthal angles 0, 4, so that P= P(6, 4). If we are placed at 
the centre of the sphere, each radial direction is characterized by the value 
of 8 and 4. Suppose we move from the centre along a radial direction un- 
til we find a turning point for the function p(r) at a point (r, 0, 4), if the 
procedure is repeated for all the radial directions (a continuous set of 0 and 
4) a surface S = S(0, 4, r (0, 4)) is obtained which can be identified with the 
zero flux surface for that specified atom or molecule. Again the problem 
of the atomic pseudopotential or the molecular core is avoided by search- 
ing for the turning point outside the core region as for the case of the 
“downhill method”. In practice the fact that we deal with a density on a 
grid again requires approximations in the implementation of the procedure. 
The directions along which the turning points of p are determined must 
be represented by a discrete set of the values 0 and 4. The range of 4 is 
[0, 7r], while for 0 is [0, 27r]. The number of intervals in which 0, 4 are 
divided is given by (27rln) and (7r/m), where n,m are two integers. These 
two parameters can be chosen on the base of mathematical or physi- 
cal considerations; for example one could require the topological regula- 
rity of the surface S (mathematical criterion) or could require that a 
physical quantity (for example the molecular dipole moment) as a func- 
tion of m and n is characterized by a negligible fluctuation, with respect to 
the desired accuracy, as m and n are varied of a certain amount (this latter 
criterion allows one to identify a valid range in which m and n can be 
chosen). 

2.2.2. Determining the Discrete Zero Flux Surface 

Once the set of discrete directions (0 ,  $,, i=  1, m; j =  1, n) is chosen, a fur- 
ther step can be done; this section is dedicated to the description of the 
procedure for determining the points of the zero flux surface along the 
directions defined by the each pair (0 ,  4j) while the next two sections are 
dedicated respectively to the description of the procedure for construct- 
ing a continuum surface from the discrete one and to the procedure de- 
veloped to identify grid points inside this surface. For each pair Oi; 4, the 
turning point of p (r) along the corresponding direction outside the core 
region can be determined. As the electron density is calculated on a grid, 
the interpolation along the specified direction has to be computed. The pro- 
cedure applied to move along the radial directions consists in choosing 
a step Ar (usually the choice of Ar equal to the grid spacing is satisfactory) 
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DEFINING MOLECULES IN CONDENSED PHASES 22 1 

which automatically defines: 

rs+l = r, + Ar 
s =  1, so 

so. Ar = R 

the parameter R can be fixed choosing a value which cover a region in 
the space where the molecules is certainly contained, for example an ex- 
treme case would be the linear dimension of the simulation box. When 
the condition: 

is fulfilled, a point S(Q0, 4 0 ,  r,v) of the zero flux surface is found. The pro- 
cedure is repeated for all pairs (Q, dj) so that a discrete surface is defined. 
The problem that we still need to solve is how to implement the condi- 
tion that all the points placed in the volume inside the surface S are as- 
signed to the specified atom or molecule. We can notice that each point of 
the grid can be identified respect to the centre of the molecule by three 
quantities: r ,  0, 4 where 8, q5 have the same meaning as specified before 
and indicate the direction of the vector obtained joining the centre of the 
atom or molecule with that point, and r specifies the corresponding dis- 
tance. If the values of Q and q5 for a point B(r, Q&,) on the grid were the 
same of a corresponding point on S , S ( r ’ ,  QS&J the condition of assign- 
ment of B to the atom (or molecule) would have been reduced to the com- 
parison of r with r’; inside the surface if the former is shorter than or equal 
to the latter, outside in the other case. In general the situation described 
above is only a coincidence, so that a general criterion must be specified; 
to do so a convenient way is to build a continuum surface from the dis- 
crete one and as it will be shown, the criterion for accepting or rejecting a 
grid point will be reduced to a simple geometrical condition. 

2.2.3. Building a Continuum Zero Flux Surface 

An efficient method to build a continuum geometrical surface from a 
discrete set of points is represented by the technique of “triangulation of 
the surface”. This method is based on the fact that three points uniquely 
define a plane and so the discrete surface can be locally approximated 
by a triangle whose vertices are three points of the discrete surface. 
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222 L. D. SITE 

Different kind of triangulation can be implemented choosing different criteria 
to define the triangles [7-91. We are going to describe our criterion. Con- 
sider the grid point B(rB, BB, 4B), this point can be projected on the unit 
sphere so that we obtain the point BProj(BB, +B). Next we identify the val- 
ue 6; and q5j (Oi and q5j belong to the discrete set of angles used to identify 
the points of the zero flux surface) which are closest to O B  and $B. In Fig- 
ure 1 the points B,, Bb, B,, Bd represent the possible locations of BproJ once 
the closest 8; and 4j are found. Once Bi and 4, are found we go back to 
the points of the zero flux surface and pick up the point characterized 
by the value 0; and di. In this way the first vertex of the triangle P1 which 
corresponds to the point S(Y’, Biqhj) of the zero flux-surface, is found (see 
Fig. 1). Then if 4~ is between 4i- 1 and 4,, a second vertex (P2 in the upper 
part of Fig. 1) which corresponds to the point S(Y”, Oi, 4,- 1) of the zero 
flux surface is identified, while in case 4B is between q5j and +j+, this 

FIGURE 1 The diagram illustrates the possible locations (Ba, Bh,  B,, B d )  of a grid point 
characterized by angular coordinates f? and 4 on the unit sphere. Once the angles Bi and I+$ 
which are closest to 0 and 4, are determined, the first point of the triangle which will 
locally approximate the continuum zero flux surface, is obtained ( P I ) .  At this point there are 
4 possibilities: ( I )  4 is smaller than 4j and 8 is smaller than Oi. The triangle which approxi- 
mates the real zero flux surface will be determined by the three vertices P I ,  P2, P3 which con- 
tains the point B,. (2) 4 is smaller than q5j and % is bigger than Oi. The triangle which 
approximates the real zero flux surface will be determined by the three vertices P I ,  P2, P3 which 
contains the point Bb. (3) q’~ is bigger than 4; and 0 is smaller than Oi. The triangle which ap- 
proximates the real zero flux surface will be determined by the three vertices P I ,  P2, P3 which 
contains the point B,. (4) 4 is bigger than 4, and 0 is bigger than Bi.  The triangle which ap- 
proximates the real zero flux surface will be determined by the three vertices PI, P2, P3 which 
contains the point Bd. The points P,, P2, P3, belongs to the discrete zero flux surface. 
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DEFINING MOLECULES IN CONDENSED PHASES 223 

point will be S(Y”, Oi, 4j+l) (P2 in the lower part of Fig. 1). The same 
procedure is repeated for OB so that a third vertex S(Y”’, Bi-], 4,) (P3 on 
the left side of Fig. 1) or S(Y”,B~+~,~,) (P3 on the right side of Fig. 1) is 
found. The situation is described by Figure 1. Once the vertices P I ,  P2, P3 
are defined, it is possible to identify the plane on which they lie that lo- 
cally approximate the zero flux surface. 

2.2.4. Condition for Accepting a Grid Point 

At this stage we can determine whether or not a grid point is inside the 
surface by considering two vectors which identify the triangle, the unit 
vector normal to the plane of the triangle and the vector which specifies 
the position of the grid point with respect to the centre of the molecule; 
it follows the description of such a procedure. Consider the vectors 
OP1,  0 P 2 ,  OP3 (see Fig. 2)  where 0 is the centre of the atom or molecule. 
The vectors PI  P2 = 0 P 2  - OP1 and P1 P3 = OP, - OP1 define a unique 
plane T. The grid point B is placed along the direction of the vector OM, 
where M is the intersection of the line along the direction of Ow 4B with 

0 

FIGURE 2 The diagram shows the plane T in which the triangle defined by PI, P2, P3 (see the 
previous figure) lies. The continuum zero flux surface is locally approximated by the planar 
surface contained in the triangle. n is the unit vector normal to the plane 7r. 0 is the centre of the 
molecule, M is the intersection of the line originating from O and T; it is characterized by the 
direction given by 0 and 4,  The grid point we are considering is situated along this line. If it is 
situated in the segment OM then it is contained in the volume defined by the zero flux surface, 
otherwise is outside. 
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224 L. D. SITE 

the plane 7r (see Fig. 2). In this case three situations are possible: 

(a) B coincides with M so it belongs to the zero flux surface and is assigned 
to the atom or molecule. 

(b) B is placed along the line characterized by the vector OM but not in 
the segment between 0 and M .  This means that the point is located 
outside the surface of zero flux and so it does not belong to the atom 
or molecule. 

(c) B is located between 0 and M so it belongs to the atom or 
molecule. 

To understand which one of the three cases we are in, for the particular B 
considered, we proceed in the following way. We calculate n the unit vector 
normal to the plane 7r (see Fig. 2): 

the vector OM can be written as: 

where us is the unit vector which indicates the direction of the vector 
OM: 

As A4 belongs to 7r it follows that: 

Once X is determined we can finally reduce the procedure of assigning a 
point to the molecule to a simple criterion: 

If rB 5 X the point is assigned to the atom or molecule, otherwise is 
rejected. 

In fact the condition r g < X  coincides with the situations described by 
points (a) and (c), while rB > X corresponds to the case of point (b). 

As for the case of the downhill method, points which are reached from 
two different atoms or molecule, define the zero flux surface, those from 
three define lines on this surface and so on. For these points the density 
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DEFINING MOLECULES IN CONDENSED PHASES 225 

is counted with the appropriate weight. As the previous method this one 
is an approximation for the calculation of the “true” zero flux surface. 
In this case the “true” lines of gradient are approximated by radial lines of 
gradient. 

3. COMPARISON BETWEEN THE TWO 
ALGORITHMS 

3.1. The Difference 

The two approaches developed for defining an atom or a molecule are based 
both on the same criterion: define the surface of flux zero of the gradient of 
the density. 

The way they differ is due to the fact that we deal with a discrete grid 
based approximation of the function p(r). As stated earlier, the zero flux 
surface is the surface along which the lines of gradient (or the trajectories 
of Vp) originated from two different atoms or molecules, are parallel to 
each other and the cross over is forbidden. What in practice the two meth- 
ods do, is to follow trajectories of V p  which are not the “true” lines but 
represent an approximation. The different way the two methods approxi- 
mate these lines makes them different. The downhill method based on the 
principle that neighbouring points are explored and then accepted or re- 
jected, approximates the “true” lines with a sample of stepped paths 
which terminate at turning points of p .  The triangulation method deter- 
mines directly the discrete zero flux surface and then builds in a rather 
accurate way a continuum surface. In this second case, the lines of for- 
ces are approximated by radial lines. It is clear that as the grid spacing 
becomes smaller the difference between the two methods in determining 
the volume inside the zero flux surface decreases. This is the crucial ques- 
tion. In the case of plane-waves based ab initio calculation for a system of 
32 water molecules, in a box of 9.8 A, an energy cut-off of 90Ry in Fourier 
space leads to a grid spacing in real space of 0.0817A; the cutting pro- 
cess, with both methods, applied to densities generated from calcula- 
tions performed with different energy cut-offs, from 60Ry up to 90Ry, gives 
evidence that the methods are not equivalent. This means the grid spac- 
ing needs to be much smaller in order to effect the results in a way that the 
results of the two methods are equivalent. This is a limitation of ab initio 
calculations, because a cut-off of 90Ry is already computationally very 
expensive. However an encouraging reason to use the two algorithms is 
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the fact that for both, for example in the case of water molecules, the 
charge associated to each molecule after the cutting process is applied, 
is very close to the expected one with a fluctuation of about 0.1% for the 
single molecule, and even less for the whole system. As these methods 
have no intrinsic requirement for the conservation of the charge, this 
can be considered as evidence that they capture the essential physics con- 
tained in the density. 

3.2. Application to a Molecule in a Liquid 
Water System 

In order to understand more about the two methods we analyzed a par- 
ticular system. Consider a system of 32 classical water molecules (SPC/E 
model [lo]) in a cubic box of dimension 9.845A where cubic boundary 
conditions are applied. The energy cut-off for this calculation is 60Ry 
which leads to a grid spacing of 0.102A. One particular molecule is fix- 
ed at the centre of the box, lying with its nuclei on the horizontal plane. 
The remaining 31 molecules are allowed to move and the system is 
brought to equilibration. This classical configuration is then used as an in- 
put for an ab initio wave-function optimization. During the ab initio run 
the molecules do not move but are “dressed” with electron density cal- 
culated with the ab initio technique. We used the code FEMD, a pseudo- 
potential based ab initio approach (for more details see [5,11,12]). In the 
calculation of the water system we kept one molecule fixed in the horizon- 
tal plane at the centre of the box and this will allow us to analyze planar 
sections of the density for that particular molecule so that we can com- 
pare the two methods visualizing density contours. Figures 3 ,  4, 5 show a 
section of the molecule before cutting 3 and after the two methods are 
applied 4 (triangulation), 5 (downhill). In particular Figures 4 and 5 
show a section of the grid in the region of the molecule we are interested 
in when the two cutting methods are applied and the plane of section is 
fulfilled with the points picked up using the two algorithms. The differ- 
ent colours indicate the range of the density, the circles, the squares and 
the triangles indicate whether the point belongs only to one molecule, is 
shared by two molecules or by three. The comparison between Figure 3 ,  
with Figures 4 and 5 shows that the two methods are rather equivalent 
in regions where the density is high, but show differences in regions char- 
acterized by low density. An encouraging thing to notice is that in both 
cases they cut the molecule in a reasonable way, in the sense that is what 
intuitively we would think as a molecule when we analyze the contours 
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FIGURE 3 Planar section of the electron distribution on the grid, before the cutting process is 
applied. The plane of section corresponds to the plane in which the specified molecule lies (it 
contains the hydrogens and oxygen nuclei). The molecule analyzed is placed at the centre of the 
picture. The red colour indicates the core of the molecule and must be interpreted as the high- 
est value of the electron density in that region. The other colours labeled indicate that the 
corresponding region is characterized by value of electron density lower than the one indicated 
by the previous colour and larger than the one indicated by the colour which labels that region. 
The oxygen nucleus is nearest at grid point (49,49). (See Color Plate VI). 

of the condensed phase. The important thing which emerges from this 
comparison is that the big differences are in regions of low density located 
far away from the core. The analysis of the figures also suggests that 
the triangulation method overestimates the region where the “true” zero 
flux surface is located particularly at low density. This is due to the fact 
that the approximation of the true lines of gradient with radial lines 
can generate a cross over of the zero flux surface. The reasons for this 
are in the discrete nature of the density and the flatness of the region of 
low density values. This problem is less important for the case of the 
downhill method, where cross-over is still possible but the probability that 
it occurs is limited by the added criterion of the second neighbouring 
point to estimate the gradient. However in the case of the “downhill” meth- 
od although a better description of low density regions is furnished, some 
regions of higher density are not described properly. This is due to the 
fact that in spite of the added criterion of the second neighbouring point, 
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FIGURE 4 Planar section of the molecule on the grid when the triangulation method is 
applied. Here the grid points are explicitly considered. The colours labeled have the same 
meaning of the previous figures, the analysis in this case is performed outside the core region 
of the molecule. The circles indicate that the point is not shared with other molecules, 
the squares indicate that it is shared by two molecules, and the triangles indicate that it 
is shared by three molecules. Values of electron density less than 10-5e/(a.u.)3 are not 
considered. (See Color Plate VII). 

the stepped paths can “walk” around a maximum; however these regions 
are small compared to the extension of the molecule. 

4. COMPARISON WITH OTHER METHODS: THE CASE 
OF LIQUID WATER 

In this section we report and discuss the results obtained for the average 
molecular dipole moment for liquid water when the two different algorithms 
are applied. The dipole moment was calculated averaging over three wa- 
ter liquid configurations. We performed ab initio molecular dynamics (the 
nuclei are allowed to move) and applied the two algorithms to the elec- 
tron density calculated for three different instantaneous configurations. 
The other details of the run are the same as specified for the water liquid 
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FIGURE 5 
applied. (See Color Plate VIII). 

Same plot as in the previous figure, but in this case the downhill method is 

system analyzed in the previous section. The values obtained for the average 
dipole moment using the two algorithms are respectively 2.55 Debye for the 
downhill and 2.95 for the triangulation method. This large difference 
between the two results is the key for understanding the meaning and the 
limitation of a spatial definition of the water molecule in a condensed 
phase. In the following part of the paper we focus the attention on this 
difference. In particular we analyze what this difference implies from the 
point of view of molecular modeling in the light of results obtained in 
previous ab initio work. 

4.1. Anisometric Shape of Water Molecules 
in Liquid Phase 

It is commonly accepted that a water molecule can be modeled as a sphere 
centred on the oxygen in which the protons and the electron density are 
contained. This approach is justified by considerations based on the spa- 
tial symmetry of the water molecule and implies that the distortion of the 
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electronic charge distribution occurring in a condensed phase is unim- 
portant for calculating most of the physical quantities. Here we show 
that applying the downhill or the triangulation method the surface which 
contains the volume of the molecule is not spherical and the external part 
of the molecule plays an important role which implies that the idea of a 
spherical shape is questionable. Figure 6 shows the average molecular di- 
pole calculated as a function of a radial cut-off with origin on the oxygen 
of the molecule (in this way external regions of low density are removed); 
this means that electron density in spheres with larger radii than the ra- 
dius of cut-off is not included in the calculation of the dipole of the cut 
molecule. It is important to notice that when the value of the radius cut-off 
is reduced the results for the two methods tend to converge. This means 
that the anisometric shape of the molecule, determined above all by the 
external part of the electron density plays an important role in determin- 
ing the value of the dipole moment. There exists a previous ab initio work 
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2.50. 
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FIGURE 6 The diagram shows the average molecular dipole moment as a function of the cut- 
off applied to the extension of region in real space where the molecule is defined. When the 
radius cut-off is chosen, the region outside the sphere with origin the centre of the molecule and 
radius the radius of cut off, is not included in the calculation. The study is performed when the 
downhill (solid line) and the triangulation method (dashed line) are applied to define the 
molecule in condensed phase. 
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[13] in which the molecular dipole was calculated by including the total 
electron density in a sphere of a radius equal to half of the oxygen-oxy- 
gen distance, centred on the oxygen atom and the result obtained was 2.7 
Debye; although in this case the value obtained is numerically reasonable, 
the possible effects on the dipole moment due to the external part of the 
electronic charge density are systematically neglected. 

4.2. Triangulation Method and Wannier 
Function Approach 

An interesting feature emerges when we analyze the results obtained us- 
ing the triangulation method. What is interesting is that the triangulation 
method produces for the average molecular dipole a value of 2.9 Debye. 
Comparing this result with all the previous results, it seems to be rather 
high, although this is not true if we compare it with some recent ab initio 
calculations reported in a work of Silvestrelli et al. [14]. In that work the 
value found for the dipole was 2.95 Debye. The approach used is based on 
the “maximally localized Wannier functions” (see [3] ); the wave-functions 
of the condensed system are projected along the set of Wannier functions, 
this makes it possible to localize the electron density for each single mol- 
ecule and the neutrality emerges automatically. There is an interesting 
analogy with the triangulation method we developed. Figure 7 shows the 
value of the dipole moment as a function of a cutoff for the electron den- 
sity, (in the sense that values of density lower that the specified cutoff are 
not included in the calculation) for the downhill and the triangulation 
method, the value of the dipole was averaged over three configuration (96 
molecules). If we analyze Figure 7 it is possible to notice that while the 
downhill method does not produce a large variation at low value of the 
density cutoff, this is not true for the triangulation method. We have 
shown, consistently with Figure 7, that the triangulation method assigns 
to the specified molecule regions characterized by low value of electron 
density and located quite far from the core of the molecule; we also showed 
that these regions were reachable from more than one molecule. One could 
expect a similar behaviour when the Wannier functions approach is used. 
The Wannier functions are extended throughout the box of simulation, 
decay exponentially (see [3]) and in principle overlap. The large value for 
the dipole moment obtained in those cases is supported by a recent 
calculation based on experimental data (see [ 151 ). This rises again the crucial 
question: how to define the single molecule in a condensed phase in the 
light of these results. 
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FIGURE 7 The diagram shows the average molecular dipole moment as a function of the 
electron density cut-off when the downhill (dashed line) and the triangulation (solid line) are 
used to define a molecule in condensed phase. Once the value of the cut off is fixed, the regions 
characterized by values of electron density lower than the value of the cut-off are not included 
in the calculation. 

4.3. Implications for Molecular Modeling 

As stated earlier a unique definition of molecule in a condensed phase does 
not exist, but in practical terms it is crucial to give such a definition. This is 
particularly important for building valid models to use for classical simu- 
lation. As a consequence, for example, the question whether the regions of 
low density located far from the centre of the molecule should be included 
or not in the calculation for the dipole moment is strictly related to the 
question of what we mean to represent with the classical model and what 
we want to investigate using it. Commonly the idea of classical molecule 
consists in imagining the relevant part of the charge distribution locat- 
ed approximately around the nuclei positions; according to this idea the 
downhill method is the approach which defines molecules in a more classi- 
cal sense than the other approaches (Wannier function and triangulation 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
3
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



DEFINING MOLECULES IN CONDENSED PHASES 233 

method). On one hand the direct spatial definition of the molecule given by 
the downhill is, as stated earlier, closer to the classical idea of molecule, on 
the other hand the description provided by the Wannier function approach 
furnishes a definition of molecule in Hilbert space which implies that the 
properties of each single electron are directly taken into account. This means 
that a molecule can be defined in terms of electron-electron interaction and 
such a property is not directly captured by the spatial definition of the mol- 
ecule as provided by the downhill method. The triangulation method if 
on one hand can be seen as the analogue of the Wannier function approach 
in real space (in the sense that they show similar behaviour in assigning the 
electron density to each molecule), on the other hand underlines a general 
problem of plane waves based ab initio calculations: the electron density 
in real space is not properly described in regions of low density. This is 
expressed by the fact that fluctuations of p ( r )  occurring in regions of low 
density are averaged by the linear interpolation; as a consequence longer 
paths for the gradient trajectories, with respect to the ones determined 
by the downhill method, are produced; in fact in the case of the downhill 
method each point is directly tested without performing any manipula- 
tion. However both procedures are theoretically well founded and it is diffi- 
cult to say which one is more realistic. If it is not possible to answer the 
question of which approach to use for modeling molecules it is at least 
possible to establish the physical properties which can be captured by using 
one of the methods. This allows one to choose a method in such a way 
that the phenomenon analyzed is well described by the physical properties 
of the resulting model of molecule. 

5. CONCLUSION 

Two different algorithms for calculating the zero flux surface have been 
proposed; they can be applied to electron density distributions calculated on 
a grid. The problem underlined by Gatti et al. [16] for density calculated 
with a pseudopotential based approach has been overcame by defining an 
atomic or molecular core. As stated earlier evidence for the reliability of the 
two methods is the conservation of the atomic or molecular charge as both 
methods have no intrinsic requirement for doing so. The advantage in us- 
ing the two algorithms is that both approaches directly act on the electron 
density. This allows one to understand in a simple way how the molecule is 
numerically defined so that any particular anomaly in the cutting process 
can be easily understood; in addition the computational time required 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
3
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



234 L. D. SITE 

for the calculation is relatively short. For our standard system of 32 mol- 
ecules and electron density calculated with an energy cut-off of 90Ry, the 
computational time required on a common Silicon Graphics is about 30 
minutes for the downhill method and about 50 minutes for the triangula- 
tion method. Apart from the technical aspects, this work represents also 
an attempt to throw light on the controversial question of how to define 
a molecule in a condensed phase and how this question is related to the 
current research in the field of condensed matter. I did not try to give a de- 
finitive answer, but I rather tried to underline the emergent properties, 
limitations and differences of equally well founded approaches, in par- 
ticular, in spite of the limitations due to the discrete nature of the elec- 
tron density distribution, I believe that both the algorithms proposed in 
this work capture the essential physics of atoms and molecules in a simple 
and direct way. 
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